In this paper, we propose a non-polynomial spline based method to develop a numerical method for approximation to the Burgers ' equation. Applying the Von-Neumann stability analysis, we show that the proposed method is unconditionally stable. A numerical example is given to illustrate the applicability and the accuracy of the presented new method.
INTRODUCTION

Consider the Burgers' equation of the form:
u t + uu x u xx = 0, a x b, t 0 (1) subject to the conditions u(a,t ) = 1 t ( ), u(b,t ) = 2 t ( ), u x (a,t ) = 1 , u x (b,t ) = 2 , t 0
The last two additional conditions in (2) are true at the initial time for 0 < < 1 , so we suppose that it is true for any time; the initial condition takes the form:
The study of this Burgers' equation is important due to its application in the approximate theory of flow through a shock wave propagating in a viscous fluid [1] and in the modeling of turbulence [2] . In the past few years a great deal of efforts has been expended to study the equation (1) as well as other forms of this partial differential equation, both theoretically and numerically, see for example, [3] [4] [5] [6] [7] [8] [9] [10] [11] .
Recently, there is a wide use of non-polynomial splines based methods for approximating the solution of boundary value problems of different orders, see for example, [12] [13] [14] [15] . However, the numerical analysis of literature contains little for using these non-polynomial splines dealing with the solution of partial differential equations [16, 17] .
In this paper, we are concerned with the problem of applying non-polynomial spline functions to develop a numerical method for obtaining approximation for the solution for non-linear Burgers' equation (1) . The non-polynomial spline function in this work has a trigonometric part, and a polynomial part of first degree.
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Remark
The C -differentiability of the trigonometric part of non-polynomial spline compensates for the loss of smoothness inherited by polynomial splines.
The paper is organized as follows: In section 2, a new method which depends on the use of the non-polynomial splines is derived. In section 3, the stability analysis is theoretically discussed. Using Von Neuman method, for given values of specified parameters, the proposed method is shown to be unconditionally stable. Finally, in section 4, a numerical example is included to illustrate the practical implementation of the proposed method. The accuracy performance of the obtained numerical results is compared with the exact solution. Since we are using a new type of (moving) boundary conditions to improve the accuracy, therefore we can not make an accuracy comparison with other exciting methods for this problem. The numerical results show that our proposed method is a promising approach for solving different types of this nonlinear partial differential equation problem.
DERIVATION OF THE NUMERICAL METHOD FOR THE NON-POLYNOMIAL SPLINE APPROACH TO BURGERS' EQUATION
To set up the non-polynomial spline method, select an integer N > 0 and time-step size k > 0. and (x i +1 ,U i +1 j ) . Each segment has the form:
for each i = 0,1,…, N. To obtain expressions for the coefficients of (4) in terms of U i j , U i +1 j , S i j , and S i j +1 , we first
Using the Eqns. (4) and (5), we get:
, and = h. By solving the last four equations, we obtain the following expressions:
Using the continuity condition of the first derivative at
, we get the following relation:
Using (7), equation (8) gives us the following tridiagonal system:
Where,
Replacing j by j+1/2, system (9) becomes:
where,
and,
Using the finite difference method, we obtain
Using these formulas allows us to express S i j +1/2 as,
The use of (11) and (12) in equation (10) gives us the following system:
2h ,
System (13) consists of N-1 equations in the unknowns U i , i = 1,…, N + 1. To get a solution to this system we need 3-additional equations. These equations are obtained from the conditions in (2). The first two parts in (2) are replaced by:
but the last part in (2) is discretized by the following equation:
The last equation is true for any time. Writing Eqns. (13)- (15) in matrix form gives:
where, 
Remark 1
To cope with the nonlinear terms in System (13), the following steps are followed : 
THE STABILITY ANALYSIS
For stability analysis, we use the Von Neumann method.
To do this, we must linearize the nonlinear term ( uu x ) of the Burgers' equation (1) by making i +1 = i = i 1 = d in the numerical scheme (16) . According to the Von Neuman method we have:
where is the mode number, q = 1 , h is the element size, and is the amplification factor of the scheme. Substitute Eq. (17) into Eq. (13) we get:
,
Dividing both sides of Eq. (18) by exp iq h ( ) we obtain:
Using the following Euler's formula:
Eq. (20) can be represented in the form:
After simple calculations, we obtain:
Eqns. (19) and (23) together give:
The necessary and sufficient condition for (13) to be stable is:
Simplifying the above inequality, we obtain:
where
The last inequality gives us:
For > 2 , > 0 , and > 0 we obtain:
which enables us to write (26) in the form:
Our system is conditionally stable. The condition of stability is 2 , 0 and 0.
NUMERICAL RESULTS
We now obtain the approximate numerical solution of Burgers' equation for one standard problem. The accuracy of our proposed numerical method is measured by computing the difference between the analytic and numerical solutions at each mesh point, and use these differences to compute the L 2 and L error norms.
The analytic solution of the Burgers' equation (1) 
Where = exp(1 / 8 ) make initial condition to be the equation (28) evaluated at t = 1. The boundary conditions are:
Note that the second condition in Eq(28) is a type of moving boundary condition.
Remark 2
The additional conditions:
( ) are true at the initial time for 0 < < 1 , so we suppose that the analytical solution (28) satisfies these conditions
The obtained numerical results are summarized in the following tables for x = 0.025 (Tables 1-4) . Table 1 gives the numerical and exact solutions at time t =3. 
Remark
Using these new types of boundary conditions, (29) allows us to compute the approximate solution for large value of the time t with an acceptable accuracy. In previous existing methods for Burgers ' equation, numerical solutions are computed for the time t with t << 5.
Next, we draw some of the obtained approximate solutions U (x, t ) for this test problem versus the distance x. 
CONCLUSION
In this paper, a numerical treatment for the Burgers' equation using non-polynomial spline is proposed. The stability analysis of the method is shown to be unconditionally stable for given values of specified parameters. Namely for 2 , 0 and 0 , our system is unconditionally stable. The obtained approximate numerical solutions are showed to maintain good accuracy.
